Abstract. By a 1955 result of J. Jakubik, a congruence spreads in a finite lattice from a prime interval to another by a sequence of congruenceperspectivities through arbitrary intervals.
Introduction
To describe the congruence lattice, Con L, of a finite lattice L, note that a prime interval p generates a join-irreducible congruence, con(p), and conversely; see the discussion on pages 213 and 214 of LTF (reference [9] ). So if we can determine when con(p) ≥ con(q) holds for the prime intervals p and q of L, then we know the lattice Con L up to isomorphism. This is accomplished by the following result of J. Jakubik [23] , where ⇒ is congruence-projectivity, see Section 2 (see Lemma 238 in LTF; we state only the special case we need here). Lemma 1. Let L be a finite lattice and let p and q be prime intervals in L. Then con(p) ≥ con(q) iff p ⇒ q.
Jakubik's condition can be visualized using Figure 2 ; we have to go through arbitrary large intervals.
In this note, I introduce the concept of prime-perspectivity. Let L be a finite lattice. For the prime intervals p and q of L, define the binary relations (for (i)-(iii), see −→ q holds iff the elements {0 p , 0 q , 1 p , 1 q } satisfy a simple (universal) condition: p and q generate a sublattice which is a homomorphic image of N 5 ; it only involves p and q and at most one more element they generate. Note 3. In the figures, bold lines designate coverings. Now we state our result: we only have to go through prime intervals to spread a congruence from a prime interval to another.
Lemma 4 (Prime-projectivity Lemma). Let L be a finite lattice and let p and q be prime intervals in L. Then con(p) ≥ con(q) iff p p =⇒ q, that is, iff there exists a sequence of prime intervals p = r 0 , r 1 , . . . , r n = q satisfying
Corollary 5. Let L be a finite lattice and let p and q be prime intervals in L. Then
In Section 2, we prove Prime-projectivity Lemma. In Section 3, I prove a result of mine with E. Knapp [17] by applying the Prime-projectivity Lemma. In Section 4, we verify the Prime-projectivity Lemma in a stronger form for SPS lattices; we call it the Tight-projectivity Lemma for SPS Lattices.
In Section 5, we rephrase the Tight-projectivity Lemma for SPS Lattices as the Swing Lemma that lends itself to applications easier. Section 6 provides an easy application of the Swing Lemma: in the order of join-irreducible congruences of an SPS lattice L, an element is covered by at most two elements. We conclude the paper with Section 7: Discussion.
Proving the Prime-projectivity Lemma
We use the concepts and notation of LTF. For an ideal I, we use the notation I = [0 I , 1 I ]. A 4-cell is a covering C 2 2 sublattice with no elements inside. A multifork in an SPS lattice L is the sublattice generated by an element a ∈ L and by n elements b 1 , b 2 , . . . b n , where n ≥ 3. A fork is a multifork with n = 3.
We
] denotes projectivity, the transitive closure of perspectivity.
denote congruence-perspectivity up and down, see Figure 3 ;
congruence-projectivity, the transitive closure of congruence-perspectivity.
Perspectivity and prime-perspectivity are special cases of congruence-perspectivity. To prove the Prime-projectivity Lemma, let p and q be prime intervals in a finite lattice L with con(p) ≥ con(q). By Lemma 1, there is a sequence of intervals
To get from (2) to (1), by induction on m, it is sufficient to prove the following:
Lemma 6. Let L be a finite lattice and let I J be intervals of L. Let b be a prime interval in J. Then there exists a prime interval a ⊆ I satisfying a p =⇒ b.
Proof. By duality, we can assume that I up J. We prove the statement by induction on length(I), the length of I (that is, the length of the longest chain in I). Note that if I is an interval properly contained in I, then length(I ) < length(I).
For the induction base, let I be prime. Then take a = I.
For the induction step, we can assume that I is not prime and that the statement is proved for intervals shorter than I.
Without loss of generality, we can assume that J I (otherwise, take a = b ⊆ I),
Since I is not a prime interval, there is an element u ∈ I satisfying 0 
Applying the induction hypotheses to (3), we obtain that a p =⇒ b, as required.
Note 7. The proof actually verified more than stated. Every step of the induction adds no more than one prime interval to the sequence.
An application
In [17] , I proved with E. Knapp the following result: Theorem 8. Let L be a finite lattice and let p and q be prime intervals in L such that con(p) con(q) in the order J(Con L) of join-irreducible congruences of L. Then there exist a sublattice N 5 of L as in Figure 5 and prime intervals p and q in N 5 satisfying con(p) = con(p) and con(q) = con(q).
Proof. Let p and q be prime intervals in L such that con(p) con(q) in the order J(Con L) of join-irreducible congruences of L. By the Prime-projectivity Lemma, there exists prime intervals r i , for 0 ≤ i ≤ m, such that (2) holds. Clearly,
Therefore, there is a (unique) 0 ≤ k < m such that con(r k ) = con(p) and con(r k+1 ) = con(q). By (1), r k p −→ r k+1 , therefore, r k = p and r k+1 = q satisfy the statement of Theorem 8.
The Tight-projectivity Lemma for SPS Lattices
Let L be a planar semimodular lattice. If L is slim, that is, it contains no M 3 sublattice, we call it an SPS lattices (slim, planar, semimodular); G. Grätzer and E. Knapp [17] introduced this class of lattices.
It is an important property of an SPS lattice L that an element of L has at most two covers, see G. Grätzer and E. Knapp [15] - [19] , G. Czédli and E. T. Schmidt [5] - [8] ) (see G. Czédli and G. Grätzer [4] and G. Grätzer [10] for a survey of this field). We will use this statement implicitly. Now we develop for SPS lattices a very strong form of the Tight-projectivity Lemma.
If we look at Figure 2 , depicting the prime-projectivity p p =⇒ q, we see it dominated by prime intervals except for the "steps":
. . It is obvious that for general finite lattices we cannot say much about the size of these intervals. As an example, look at the lattice L of Figure 6 and the prime intervals p and q. Clearly, con(p) con(q), but we cannot get from p and q with "prime steps". We now prove that this is always possible in SPS lattices.
Let L be an SPS lattice. On the set of prime intervals of L, we define the binary relation tight-perspective down, Figure 7 .
For notational convenience, we introduce tight-perspective up, p 
−→ q
Lemma 9 (Tight-projectivity Lemma for SPS Lattices). Let L be an SPS lattice and let p and q be prime intervals in L. Then con(p) ≥ con(q) iff p t =⇒ q, that is, iff there exists a sequence of prime intervals p = r 0 , r 1 , . . . , r n = q satisfying
Corollary 10. Let L be an SPS lattice and let p and q be prime intervals in L. Then con(p) = con(q) iff p t =⇒ q and q t =⇒ p.
In view of the Prime-projectivity Lemma, to verify the Tight-projectivity Lemma for SPS Lattices, it is sufficient to prove the following.
Lemma 11. Let L be a finite semimodular lattice, let p and q be prime intervals in L.
Proof. We start with the trivial observation: by semimodularity, the lemma obviously holds for p ∼ q. Since p 
by the inductive hypothesis, we conclude that
Combining this relation with p dn ∼ p 1 , we obtain that p t =⇒ q, completing the proof for Case 1.
Case 2: [a, c] is not a prime interval. Choose the element b so that a < b ≺ c, see Figure 9 . Figure 9 .
Let g = b ∧ 1 q , see Figure 9 . If g ≤ 0 q , then
(6) and (7) imply that p p-dn −→ q, which we are required to prove. So we can assume that g 0 q . Since q is prime, equivalently, (8) g 0 q .
Also, Figure 9 . The elements for Lemma 11, Case 2
We can further assume that Let e = g ∧ 0 q . Note that d r < g and d r < 0 q by (8). So we can choose the elements d r ≺ e r ≤ 0 q , d r ≺ e m ≤ g, and d r ≺ e l ≤ d l ∨ d r . Clearly, the elements e l , e m , e r all cover e, a contradiction. We conclude that (11) d r < e.
Note that e < g and e < 0 q by (8), so we can take elements e r , e m satisfying e ≺ e r ≤ 0 q and e ≺ e m ≤ g. By semimodularity, e ≺ e ∨ d l . Since d l g, 0 q , we conclude that the elements e ∨ d l , e m , e r all cover e, a contradiction. This concludes the proof for Case 2, and therefore, for the lemma.
The Swing Lemma
The Tight-projectivity Lemma for SPS Lattices states that if con(p) ≥ con(q), then we get from p to q with a series of tight-perspectivities. We rephrase this description slightly.
Observe that if L is an SPS lattice, r and r are prime intervals in L, r t-dn −→ r but r dn ∼ r , then r and r are in a sublattice N 7 as in Figure 10 . Indeed, by assumption, r, r , and [1 r , 1 r ] are prime. By semimodularity, the other two marked intervals are also prime. Lemma 12. Let L be an SPS lattice and let p and q be prime intervals in L. Then con(p) ≥ con(q) iff there exists a prime interval r and sequence of prime intervals r = r 0 , r 1 , . . . , r n = q such that p is upper perspective to r, and for each i = 0, . . . , n − 1 one of the following three conditions hold:
(i) r i is down perspective to r i+1 , in which case height 1 ri ≥ height 1 ri+1 ; (ii) r i and r i+1 are in an N 7 sublattice as in Figure 10 , with r i = r and r i+1 = r , in which case height 1 ri > height 1 ri+1 ; (iii) r i and r i+1 are in an N 7 sublattice as in Figure 10 , with r i = r and r i+1 = [m, t], in which case height 1 ri = height 1 ri+1 .
Recall Note 3: In the figures, bold lines designate coverings.
Proof. By the Tight-projectivity Lemma for SPS Lattices, there exists a sequence of prime intervals p = r 0 , r 1 , . . . , r n = q satisfying (4) with a series of perceptivity up, tight perceptivity down, . . . , tight perceptivity down, perceptivity up, and so on. Now the lemma follows by observing that a tight perceptivity down, perceptivity up must be of the type described in step (iii), since an element can have at most two covers.
Note 13. If r = p and height 1 r = height 1 q , then we do not have two consecutive steps of type (iii).
For the prime intervals p, q of and SPS lattice L, we define a binary relation: p swings to q, in formula, p q, if p and q are in a multifork and q is an interior prime interval. See Figure 11 for two examples. If p is an exterior prime interval of the multifork, we write p Lemma 15 (Swing Lemma). Let L be an SPS lattice and let p and q be prime intervals in L. Then con(p) ≥ con(q) iff there exists a prime interval r and sequence of prime intervals (12) r = r 0 , r 1 , . . . , r n = q such that p is up perspective to r, and r i is down perspective to or swings to r i+1 for i = 0, . . . , n − 1. In addition, the sequence (12) also satisfies Figure 12 . con(p) ≥ con(q): p up perspective to r = r 0 , r 0 swings to r 1 , r 1 down perspective to r 2 , r 2 swings to r 3 , r 3 down perspective to r 4 = q; the black filled elements form the sequence (12) See Figure 12 for an illustration of the Swing Lemma.
6. An application of the Swing Lemma
We apply the Swing Lemma to prove the following result, G. Grätzer [11, Theorem 4] .
Theorem 16. Let L be an SPS lattice. Then in the order of join-irreducible congruences of L, an element is covered by at most two elements.
Proof. Let α be covered by β, γ, and δ in J(Con L) . By Lemma 12, there exist three sublattices of L as in Figure 10 ,
Discussion
In general, we cannot bound the integer n in the Prime-projectivity Lemma or in the Swing Lemma. However, for distributive lattices, we can always choose n ≤ 2 in (1), see G. Grätzer and E. T. Schmidt [21] (a special case of Theorem 141 of LTF). We cannot restrict n for modular lattices, but we move only through prime intervals with perspectivities (see Section V.
of LTF).
A number of recent papers deal with related results for finite semimodular lattices; see the References.
In an SPS lattice, two prime intervals of D are consecutive if they are opposite sides of a 4-cell. As in G. Czédli and E. T. Schmidt [5] , a maximal sequence of consecutive prime intervals form a trajectory.
The main contribution in G. Czédli [1] is a description of join-irreducible congruences of a rectangular lattice by a quasiordering of trajectories. The proof of the main result (the Trajectory Coloring Theorem) is about 30 pages. Applying this result, G. Czédli obtains a new proof of Theorem 16 (private communication). G. Grätzer [13] presents a more elementary proof of the Trajectory Coloring Theorem.
G. Grätzer, H. Lakser, and E. T. Schmidt [14] prove that every finite distributive lattice can be represented as the congruence lattice of a planar semidistributive lattice. The proof relies heavily on M 3 sublattices. In [10] , I raised the problem of characterizing congruence lattices of SPS lattices. Theorem 16 gives a necessary condition. However, this condition is not sufficient. G. Czédli [2] proved (using the Trajectory Coloring Theorem) that the eight element distributive lattice D of Figure 7 cannot be represented as the congruence lattice of an SPS lattice, even though in the order, J(D), of join-irreducible elements of D, an element is covered by at most two elements. G. Grätzer [12] presents an alternative proof of this result.
As in G. Grätzer and E. Knapp [17] , we call an N 7 sublattice of L tight if all the coverings in N 7 are coverings in L but the bottom two. Here is a related result in G. Grätzer and E. Knapp [17] : Theorem 17. Let L be a finite semimodular lattice and let p and q be prime intervals in L such that con(p) con(q) in the order J(Con L) of join-irreducible congruences of L. Then there exist a tight sublattice N 7 of L as in Figure 10 and prime intervals r and r in N 7 satisfying con(p) = con(r) and con(q) = con(r ).
Note that for an SPS lattice in Lemma 12 we describe the N 7 sublattice containing any tight-perspectivity down-5 coverings guaranteed-while Theorem 17 claims that in a semimodular a suitably chosen tight-perspectivity has 7 coverings. Lemma 12 cannot be improved, see Figure 14 . We can introduce tight-perspectivity for semimodular lattices, in general. It would be interesting to see whether the Tight-projectivity Lemma for SPS Lattices would generalize.
